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Preamble

This essay develops the structure and representation theory of a large class of
infinite-dimensional Lie algebras, commonly referred to as loop algebras. These
have become central objects in the general representation theory of infinite-
dimensional Lie algebras and have found a number of applications in both pure
mathematics and theoretical physics.

The exposition is divided four-fold. First, section 1 constructs the class of loop
algebras and develops the necessary structure results. Thereafter, sections 2 and 3
develop their representation theory. Lastly, section 4 generalises the construction
of section 1 to a larger class of Lie algebras. The reader is assumed to be familiar
with the classical representation theory of finite-dimensional Lie algebras, the ho-
mology theory of Lie algebras, and the usual formative curriculum in mathematics.

Throughout this essay, the ground field is taken to be C. We, furthermore, follow
the standard conventions in representation theory of taking modules to be left
modules, ideals to be left ideals, et cetera. For a Lie algebra g, we denote by (g)
its universal enveloping algebra. Lastly, any reference to an infinite cardinality is
understood to mean a countable infinite, which we denote by 8. The remaining
notation follows that of the standard mathematical convention.

I would like to thank Prof. P. Etingof and Prof. G.-M. Graf for supervising the
writing of this essay. To the former, I would like to extend my sincerest grati-
tude for his continued display of patience and thoughtfulness while answering a
great number of questions that arose throughout the various parts of the research
and writing processes. Furthermore, I would like to thank him for introducing me
to the beautiful and thought-provoking subject of infinite-dimensional Lie algebras.

Joonas Mikael Vitto
Cambridge, MA
and Thalwil
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1 Construction and Structure

In the following, g is taken to be a semisimple, finite-dimensional Lie algebra. We
go through with the general construction of loop algebras.

Def. 1.1. Define the set aut(g) C Aut(g) of Lie algebra automorphisms of finite
order. Let ¢ € aut(g). We say that n € Z is a period of y if " = id. We denote
the set of periods of ¥ by Per(y).

Let ¢ € aut(g) and n € Per(y). Let £ be a primitive n™ root of unity. Then g
decomposes into y-eigenspaces with eigenvalues £Z»
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g;, Wwhereg; = {xeg|y(x)=¢&x}. (1.1)
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Denote by [‘|modn: Z — Z, the reduction modulo n. We can now naturally define
the following Lie algebra.

Def. 1.2. Define the n' twisted loop algebra with respect to v

Q(g’lp’n) = @ g[j]m()dn ® t] (1'2)

jez
with Lie bracket for x,y € g and i, j € Z given by
[x®t,yet]=[xyl®r",
where on the right the Lie bracket is the one on g.

Technically, this construction depends on our numbering of the roots of unity.
However, by fixing such an ordering once and for all, we may ignore potential
ambiguities in the above definition. We now define a special case of this general
construction: the untwisted loop algebra of g, which we will generally refer to
simply as the loop algebra of g. Denote by £ = C[t,+~!] the algebra of Laurent
polynomials over C. Define further £" = C[#",t™"] C L.

Def. 1.3. Define the untwisted loop algebra £(g) := £(g,id, 1) = g ®¢ L.
Lem. 1.4. Let € aut(g);n € Per(y). Then L(g,,n) < L(q) is a Lie subalgebra.

Proof. We may extend ¢ to an automorphism i/ of £(g) by the assignment

U 1) — La); x @1k - ey (x) @ 1%,



extending linearly. Since we may equivalently describe this map as ¥ = ¥ ® £,

wherein &(¢) = £t this is clearly well-defined. For x € O[k]moan WE have

J(x@t*) = y(x) @ik = g kelkmoin y @ F = x @ 1%,

by definition of the k-eigenspace. We see that we may define the twisted loop
algebra £(g,y,n) as

L(a,yn) ={a € L(g) |¥(a) = a},

the set of fixed points of £(g) under the y/-action. Since the set of fixed points
under a Lie algebra automorphism is itself a Lie subalgebra, the claim follows. O

There exists the following equivalence.
Lem. 1.5. Denote by || the order of . Then L(g,¥,n) = L(a,¥, |Y]).

Proof. Note that || is adivisor of n. If we denote by &,|,&, the respective primitive

roots of unity in the eigenspace decompositions, we may rewrite &)y = n"”_‘ . We
construct an explicit isomorphism. Consider the map

W1 (0,0 10 )) — L(a,un); x® 1 s x @ 1B,

extending C-linearly. Clearly, ¥ is an injective C-algebra homomorphism. Fur-
thermore

n

P (x @) = P(x @ ") = x @t W™ W = " P (x @ 17) = P P(x @ 1),

proving that ¥ is C[¢,#~']-linear. Since the sets of eigenvalues of ¢ in the decom-
positions £(g,y,n) and L£(g,¥, |y|) are identical, it follows that ¥ is surjective, and
hence a C-algebra isomorphism. To conclude that ¥ is a Lie algebra homomor-
phism, we note that the Lie bracket is given by the commutator. O

Cor. 1.6. Let m,n € Per(y). Then L(g,¥,m) = L(g,¢,n).

We may thus ease the notation as £(g,1) = £(g,¥,n) without danger of ambiguity.
The following clarifies why we may call £(g) the loop algebra.

Cor. 1.7. Let n € Z.~y. Then 2(g) = L(g,id,n).

Lem. 1.8. Consider the loop algebra £(g,¢). Then g in the decomposition from
equations (1.1) and (1.2) is a reductive Lie subalgebra of g.



Proof. Let Iy’ C gg be a maximal ad(g)-diagonalisable subalgebra. Let ) C g be a
Cartan subalgebra containing ). Consider the root decomposition g = h® P yen 9o
with respect to this Cartan subalgebra f) and set A’ C A as the root subspace such
that Va € A’ : a|y = 0. The centraliser Cy(b’) of b’ in g is, then, of the form

C,®)=b+Pa.=hes,

aeN

where s is a semisimple Lie algebra whose intersection with gg is trivial. Since
b’ is abelian, h” € Cy(h’), whence b’ € b. Therefore, the h-decomposition restricts
onto gg and we find that gg is reductive. O

Lem. 1.9. Letl) C g9 be a maximal ad(g)-diagonalisable subalgebra as in lem. 1.8.
Then the centraliser Cy(V') of Y in g is a Cartan subalgebra of g.

Proof. By the proof of lem. 1.8, the centraliser of )’ decomposes as
Cy(b) =D s,

where b) < g is the Cartan subalgebra containing Iy’ and s is a semisimple Lie algebra
whose intersection with gg is trivial. In fact, by the construction in the proof of
lem. 1.8, s is ay-invariant subalgebra. Therefore, the Z,-grading of equation (1.1)
induces a Z,-grading of s with the property that s is the trivial space. We show by
induction on i that for all i € Z,, : 5; = 0. The claim holds by the above for i = 0.
Leti > 0 and take x € s;,, 4,- Then, (ad(x))"s[j].oan C S[ir+/lman- ChOOSE 7 such
that i(r — 1) <n—j <ir. Then, ir+j =n+t where 0 <t <i. By the inductive
assSuUMPLion, S[ir+ jlmoan = S[tlmean = 0> Whence ad(x) is nilpotent. By the same token,
ad(y) for y € s|_j},.q, iS nilpotent. Since [$[i], .4 3[~ilmoan] € 50 = 0, ad(x) and ad(y)
commute. Furthermore, the Cartan-Killing form K gives, by the nilpotency of the
adjoint action, K(ad(x),ad(y)) = 0. By the Cartan criterion, K is non-degenerate
due to the semisimplicity of s. Therefore, it must hold that s, = 0. We conclude
the claim by induction, whence Cy(})’) = b. O

Recall that to a simple, finite-dimensional Lie algebra g we may associate a Cartan
matrix A € Mat(n,C), which carries the information of the root system of g. As-
sociate to this A the index set of g-vertices I4 = {1,...,n}. A bijection 7 : I4 — I,
on this index set is called a diagram automorphism of /4 if for all i,j € {1,...,n}
we have A;; = A¢;)z(j). Recall further that we may equip g with a Chevalley basis
{ei, hi, fi |i = 1,...,n} such that each of the subalgebras spanned by respective pairs
ei, h;, f; is isomorphic to sly(C). To this Chevalley basis and a given diagram au-
tomorphism 7 of 14 as above, we associate the unique Lie algebra automorphism
T € aut(g), defined by

T(ei) = er)y T(fi) = er(p)- (1.3)



Def. 1.10. Let u € aut(g). We call p a diagram automorphism of g if it is conjugate
to an automorphism of the form as in equation (1.3).

More simply, we may think of diagram automorphisms as automorphisms of the
root system that preserve the structure and orientation of the Dynkin diagram
associated with g. Unraveling the definitions, this is equivalent to the explicit
construction in def. 1.10. Going through the Dynking diagrams of complex,
finite-dimensional, simple Lie algebras and checking all possible finite-order au-
tomorphisms that preserve the diagram, we find that the only types that admit a
non-trivial diagram auotmorphism are A,, D,, and Eg. All types except for D4 ad-
mit a unique non-trivial diagram automorphism of order 2, whereas D4 admits one
non-trivial automorphism of order 2 and one of order 3. These considerations are
not used presently, but will be useful in section 3 for the representation theory. The
following results clarify the usefulness of considering diagram automorphisms.

Prop. 1.11. Let g be a simple, finite-dimensional Lie algebra with Cartan sub-
algebra ) C g, as constructed in lem. 1.9 from a maximal ad(g)-diagonalisable
subalgebra V), and simple roots 11 = {ay,...,a,}. Let ¥ € aut(g) with m € Per(y).
Then s is conjugate to

u- exp(ad(%h)) € aut(g)

for a diagram automorphisn u € aut(g) that preserves ). Here, h € h* lies in the
fixed point set of uin'h, and Vi € {1,...,n} : {a;,h) € Z.

Proof. By lem. 1.9, a maximal ad(g)-diagonalisable subalgebra )’ < gy must con-
tain aregular element x € g since we are working over the ground field C, over which
every Cartan subalgebra is generated by the generalised eigenspace Hau(ad(x),0)
to the zero eigenvalue of the adjoint action ad(x) of a regular element x. Then, the
centraliser Cy(x) = b is a y-invariant Cartan subalgebra. Furthermore, the space

1y = {y € g| da € C with (Re(a) > 0) or (Re(a) =0 A Im(a) > 0)
such that ad(x)y = ay}

is a maximal, nilpotent, y-invariant g-subalgebra. Indeed, this corresponds simply
to the positive weight space in a triangular decomposition of a finite-dimensional
Lie algebra. Denote by A, the set of positive roots in this decomposition. Since 1,
is nilpotent and y-invariant, ¢ induces a finite-order automorphism of A;. This,
in turn, induces an automorphism u of the associated Dynkin diagram through the
Y-induced action on the simple roots I1. Then

vt = exp(Zad(h))
m



since ¢ - ! is a finite-order, fixed-point automorphism of the simple roots with
eigenvalues corresponding to those of the y/-action on g. These are precisely given
by the collection exp(%ad(h)) for h € )’ since the diagional action of )’ C f) on
the simple roots I is induced by the one of }) and is, hence, integer. O

Lem. 1.12. Let ¥, ¢ € aut(g) with same period m € N. Let vy : C* — Aut(£(g))
be a path. We view y as an element of Aut(£(g)) by the point-wise action of
v(t) € Aut(L(g)). Let & = exp(%) be a primitive m™ root of unity. Then

Y(D)L(8,¥) = £(3,9)
if and only if
Vi e € gy(E ') = y(y,
where we view any element in aut(g) as an element of Aut(L(g)) by extending it
L-linearly.
Proof. This follows directly from lem. 1.4 by unraveling the alternative definition

of (g, ) as a subalgebra of £(g). O

In particular, lem. 1.12 gives a classification of the isomorphism classes of twisted
loop subalgebras £(g,) < £(g).

Prop. 1.13. Let ¢ € aut(g) be a finite-order automorphism. Then L(g,) = £(g, 1)
for some diagram automorphism u € aut(g).

Proof. By prop. 1.11, ¢ is conjugate to a finite-order automorphism of the form
2mi
p-exp(ad(—h)),
m

where y is a diagram automorphism. Consider the path " : C* — Aut(g) that acts
on g, in the root space decomposition of g as multiplication by ‘%" and extend
L-linearly to Aut((g)). Then

L

whence, by lem. 1.12, we conclude

t"2(a,4) = (g, ).

By construction, the Lie structure is preserved under this isomorphism. We
conclude the claim. |

Thus, we may henceforth assume that any twisted loop algebra £(g,y) is defined
via a diagram automorphism . Furthermore, the isomorphism class of £(g,i)
depends only on the connected component of aut(g) containing ¢. The following
is, then, an immediate corollary of lem. 1.8.

9



Cor. 1.14. Let y € aut(g) be a diagram automorphism. Then, the subalgebra
go < g in the decomposition of equation (1.1) is simple.

In particular, we use this to give a classification of ideals in (g, ).

Lem. 1.15. Let € aut(g) be a diagram automorphism of order r. Suppose
i 9L(g,¥) is an ideal. Then i is of the form i = PL(g,¢) for some P € L". In
particular, maximal ideals are of the form (1 —(at)")L(g,¥) for some a € C*, and
the codimension of any non-zero ideal i < £(g,V) is finite.

Proof. Leti<%(g,1/) be a non-trivial ideal and let by C gy be a Cartan subalgebra,
whose existence is guaranteed by cor. 1.14. A general element x € i is of the form

X = Z Zai,j ®t[j]m°drpi,j,

iel jeJ

where 1,J C Z are index sets, a;j € §[j],.... are linearly independent and P;; € ¢
are non-zero. We claim that for any Q € £”, we have

OP;;L(g.¥) Ci.

We may assume that x is an eigenvector of ad(bo) to some weight a € byj; otherwise,
we restrict x iteratively onto those parts for which it is an eigenvector of the b
adjoint action. Suppose @ # 0. We may, then, reduce the problem to @ = 0 by
replacing x with
[x,a_;® t/ ],
where a_; € g[_j},.4,- Thus, j =0 and all a;; € hp. Take a weight g € I)S such that
there exists some a;; with (B,a; ;) # 0, denote by e.z weight vectors with weights
+f, and set y € i to be
y = [[x,eg®Ql,e_g].

By the above, y admits an expansion

r—1

y = hg ®Pi,j +th ®l‘kPk
k=1

where hg € B is non-zero, hi € g[i),.., have zero weight with respect to the by-
adjoint action, Py € £. From this we see that for any weight vector e; € go, it
holds that [y,e;] € i. Therefore, QP; ; ® b C i, whence we conclude the claim. Let
Z € [ j]moa,- 1t follows that

ih={peglzet/pei}ag

10



is an invariant ideal that does not depend on j and z. Combining with the above,
we find that i = ip¥(g,). We show that £” is a principal ideal domain. Recall
that the polynomial ring C[¢] is a principal ideal domain. Letting S = {t'/ | j € N},
we may write £” = S7!C[¢] as the localisation of the polynomial ring. Since the
localisation of a principal ideal domain is, again, a principal ideal domain, the
claim follows. From principality of £", we conclude that i = P¥ for some P € £".
The claim for maximal ideals, then, follows from the Nullstellensatz for £". O

Cor. 1.16. Leti<L(g,¥) be anon-zero ideal. Then (g, )/1 is a finite-dimensional
Lie algebra.

Cor. 1.17. Let i 22(g) be an ideal. Then i = ¢ Q¢ i for some ideal j < L.

Proof. Recall £(g) = g®¢ £. The statement follows from the fact that € is a princi-
pal ideal domain and from lem. 1.15, since the order of the diagram automorphism
id € aut(g) is 1, whence the given P € £ must be the sole generator of j. |

Recall that g admits the triangular decomposition g = n. @h @ n_, where ) C g is
the Cartan subalgebra of g.

Lem. 1.18. Let s € aut(g) and suppose that n,,h,n_ are invariant under . Define
the triangular decomposition

Q(Q’lr//) = 8(n+’lﬁ) @ B(b,‘ﬁ) @ Q’(n—’lp)'
This decomposition is well-defined.

Proof. Letnbe the order of . Expanding definitions on the right of equation (1.2),
we find by distributivity of the tensor product and commutativity of the direct sum

@n+ [j]modn ® l] ® @ b[k]modn ® lk ® @n_ [l]modn ® tl

JEZ keZ. leZ
= B (14 et e @ Ot s @M= [flneas | © 1
+ [Jlmodn [/]mod n [/]mod n
JjeZ
= . J
- @ g[]]modn 1,
JjEZ
since eigenspaces restrict onto invariant subspaces. The claim follows. m|

Cor. 1.19. There is a triangular decomposition 2(g) = £(1n;) ® L(h) & L(n-).

Cor. 1.20. If ¢ € aut(qg) is a diagram automorphism, (g, ) admits a triangular
decomposition of the form from lem. 1.18.

11



We turn to the study of 1-dimensional central extensions of £(g), though we will
not pursue this construction much further than some heuristics on the structure.
Note that a general element of £(g) has the form a(t) = Y,c; ar ®t*, where I ¢ Z
is a finite index set and ay € g for all k.

Thm. 1.21. Hglg(ﬂ(g);C), is 1-dimensional and is spanned by the 2-cocycle (,
defined for a(t),b(t) € £(g) by

£(a(t),b(t)) = Res;=o(da(t),b(t)) = Res;=o(a’(1),b(1)),
where d denotes the exterior derivation.

Proof. [Weibel 1994, 7.9.6]. O

Using this result, we may, therefore, define a non-trivial 1-dimensional central
extension of £(g) where the Lie bracket is induced by the 2-cocycle ¢ as above.

Def. 1.22. Define the current algebra £(g) as the 1-dimensional central extension
of the loop algebra 3
L(9) = L(9) & CK,

where K is central and the bracket is given, for a(z),b(t) € £(g),u, 1 € C, by
[a(t) + AK,b(t) + uK] = [a(t),b(r)] + Res;=o{a’(¢),b(t)) K,

where the bracket to the right is the one on g.

By thm. 1.21, this is well-defined up to isomorphism.

Rem. 1.23. We briefly explain the motivation for calling £(g) a current algebra.
The terminology originates from the physics literature. Current algebras were
introduced by M. Gell-Mann (1964) as a tool to describe the force currents in
fundamental particle interactions. Using the notation x = x ® " and introducing
the formal parameter z, we may associate to x € g a formal generating series

x(2) = Z x(")z_”_l,

nez.
called the current, or quantum field, of x.

We could now try to define an invariant symmetric bilinear form on £(g), but
we would quickly run into trouble with degeneracy of this form. For, since
g is semisimple, it is perfect and thus satisfies [g,g] = g. We, then, have that
[£(g),2(9)] = L(g). As such, any element in £(g) can be expressed as a sum of
terms [x,y] ®t* for x, y € g and k € Z. Suppose, then, that ﬁ(g) admits a bilinear
form (-,-) that is invariant under its adjoint action. Then ([x,y],K) = {(x,[y,K]) =0,
since K is central in £(g). As y € g is arbitrary, this form is degenerate in K. For
this reason, it is useful to enlarge £(g) by an exterior derivation, allowing us to
define a non-degenerate form on the resulting structure.

12



Def. 1.24. Define the affinisation €(g) of £(g) by the vector space extension
2(g) = 8(g) @ Cd = £(g) ®CK & Cd,

where d denotes the exterior derivation that acts on £(g) as t% and kills K. The
Lie bracket on Q(g) is given, for x,y € g and uy,us,41,42 € C, by

[x@t" DA KD u1d,y®t"® LK ® upd] =
= ([x,y] """ + y @ uint" — x ® puomt™) ® mé, —n{x,y)K,

where the bilinear form to the right is the one on g.

More simply, one may define the affinisation ¢(g) = &(g) = Cd as the semidirect
product. Setting the degrees of K and d to zero, £(g) naturally inherits a Z-grading
from equation (1.2).

Rem. 1.25. The reason for naming €(g) an affinisation is due to it being an
explicit construction of the untwisted, affine Kac-Moody algebras, as introduced
by V. Kac and R. Moody in 1967 by a construction generalising that of E. Cartan
and W. Killing for finite-dimensional Lie algebras. The Kac-Moody algebras of
affine type are precisely the class of infinite-dimensional Lie algebras with finite
Gelfand-Kirillov dimension obtained from this construction. Therefore, they form
a particularly well-behaved class of infinite-dimensional Lie algebras and carry
representations with wide-ranging, important applications.

Given our symmetric invariant bilinear form on g, we may canonically extend it to
L(g) via (a®t",b®1") = {a,b) ®"*". We use this to define a symmetric invariant
bilinear form on £(g).

Prop. 1.26. £(q) carries a non-degenerate symmetric invariant bilinear form (-,-)

defined by
(a(t),b(1)y = Resi=o(r~"(a(1),b(1))e(g)):
(K,a(t)) =0, (K.K)=0,
(d,a(t)y =0, (d,K)=1, (d,d)=0,
for a(t),b(t) € L(g), and where we extended the bilinear form from g to £(g).

Proof. 1t is clear that this form is non-degenerate, as guaranteed by the condition
(d,K) = 1. Invariance can be checked simply by direct calculation. O

The analogous construction also goes through in the twisted case, wherein all of
the results still hold. These twisted affinisations are of great import as they are
isomorphic to the affine Kac-Moody algebras of twisted type, and thus complete
their geometric construction. However, we will not pursue this in greater detail.

13



2 Representation Theory of Untwisted Loop
Algebras £(g)

This section adresses the representation theory of general £(g). Note that by the
canonical inclusion
g—L@g);x—x®1

any £(g)-module restricts to a representation of g. It will turn out that the irre-
ducible, finite-dimensional representations of £(g) can be fully classified. Given a
finite-dimensional g-module V, we construct representations of £(g).

Def. 2.1. Let V be a finite-dimensional g-module. Let z € C*. Define the
evaluation representation V(z) of £(g)

ev: 2(g) — End(V(2)); x®1" — 7"x,
where the action of a is the one of the g-representation.

Since £(g) is a Lie algebra, this representation acts via derivation. Thus, we may
also state the explicit form on @, Vi(z;) for z; € C* and g-modules V;

n n
ev: €(0) — End(@Vi(z): x@1" = 3 id® TV @ g x 9id® ).
i=1 i=1

These tensor representations are the key to classifying irreducible £(g)-modules.

Prop. 2.2. The evaluation representation X, Vi(z;) is irreducible as an £(g)-
module if and only if all z; € C* are distinct.

Proof. Suppose first that all z; € C* are distinct. The problem then reduces to the
irreducibility of the representation

n
0:¢%" — End(®Vi); (X1 e Xp) = X1 Q... Q X,
i=1

since we may factor out by the z; € C*. However, Q' V; as a product of irre-
ducible g-modules V; is irreducible as a ¢®”-module due to g being semisimple.

We show the converse direction via contraposition. First recall from the theory of
finite-dimensional Lie algebras that for irreducible, non-trivial representations V
of g, the product V ® V* contains g @ C. Let V,V, be two such representations of
g. But then, since dim¢(g) > 1, we have

dime(End(V; ® V5)) = dime((V; @ V2) @ (Vi @ V5)¥)

14



=dime((V; @ V;)® (V2 ®Vy))
> 2.

However, for V an irreducible g-module, it must hold that dim¢(End(V)) = 1.
Therefore, if z; = 22, V1(z1) ® Va(z2) is reducible, since Vi(z) @ Va(z) = (V1 @ V2)(2)
and (V] ® V,) is then reducible by the above. We conclude the claim by contrapo-
sition. |

It turns out that the evaluation representations are not only a subset of the irre-
ducible £(g)-modules, but that they exhaust them.

Thm. 2.3. Any irreducible, finite-dimensional £(g)-module V is of the form
n
V= QViz)
i=1

for irreducible, finite-dimensional g-representations V; with all z; € C* distinct.

Proof. Let o : £(g) — End(V) be an irreducible representation. Since o is a
Lie algebra homomorphism, its kernel ker(p) < €(g) is an ideal. By lem. 1.15
and cor. 1.17, codim(ker(0)) < co and ker(0) = g®c¢j forj <L anideal. By cor. 1.16,
L(g)/ker(p) is a finite-dimensional Lie algebra. By construction, o factors to a
faithful representation of £(g)/ker(0). Thus, since £(g)/ker(o) admits a faithful, ir-
reducible, finite-dimensional representation, it is reductive. Due to semisimplicity
of g, we have [£(g),£(g)] = £(g). In turn, [¢(g)/ker(0),£(g)/ker(0)] = L(g)/ker(0).
Therefore, £(g)/ker(p) is in fact semisimple.

We claim that i is radical. To this end, let P € v/ and let k € N such that P¥ €.
Let x € g and consider the ideal f = (x ® P). The n'™ term in the derived series of
t, 1 is itself an ideal, and, by construction of P, we have tW cgei= ker(o).
Since f is an ideal, t" < f. Therefore ¥ c ¥ Nker(p). By the third isomorphism
theorem for Lie algebras, we find

(t +ker(p))/ker(o) = t/(t Nker(0)).

It follows that

(£ +ker())/ker(0)™ = (/(ENker(0)))™  (tNker(g))/(tNker(g)) = 0.

Thus, (f+ker(p))/ker(o) is a solvable ideal of £(g)/ker(p) and is by definition con-
tained in the radical rad(€(g)/ker(p)). However, since £(g)/ker(o) is semisimple,
rad(2(g)/ker(p)) = 0, and thus T C ker(p). In particular, P € i and Vi = i.

Since € is Noetherian, j admits an irredundant primary decomposition { = (_; Q;
for primary ideals Q; < £. But, since i is radical, this irredundant primary decom-
position j = (", Q; descends to an irredundant prime decomposition. Since prime
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ideals in € are generated by linear polynomials of the form (z — z) for z € C*, we
find

i=| [(t—z) fordistinct z; € C*.

n
i=1
By the Chinese remainder theorem, we find for the quotient

QKIIU—aDEE?QKF%J
i=1 =

Furthermore, there is a clear isomorphism

¥:igec P L/(t—2z) — o™
i=1
(x1 ® P1(1),.., X ® Py(1)) = (P1(21)X1, -+ Pu(20) Xn)-

Our representation o factors through ker(p) and we find
2(g)/ker(0) = (a®c 2) /(3 ®c i) = 9®c (2/1) = g®c P /(1 — ;) = o®".
i=1

But, by a corollary of Schur’s lemma, the irreducible representations of g®" are
precisely @, V; for V; irreducible g-modules. These £(g)/ker(o)-modules are
lifted to finite-dimensional irreducible representations of £(g) by requiring their
restrictions to ker(o) = g ®¢ i to vanish. These are precisely the representations of
the form

n
0 2(8) — End(Q)Vi(z)
i=1
for distinct z; € C*, as their irreducibility follows from prop. 2.2. i
Finally, we give conditions on two evaluation representations being isomorphic.

Prop. 2.4. Let Vy,...,V,,,Wy,...,W,, be finite-dimensional g-representations. Then
there exists an isomorphism of (g)-representations

(@) = QW)
i= j=

if and only if m = n and W; =V, z; = z] up to pairwise permutation of indices.

Proof. Let h € h) C g be an arbitrary element of the Cartan subalgebra. We want
to consider the eigenvalues of 4 ®t* for all k € N. Since all V;,W; are finite-
dimensional, they all admit vectors v; € V;,w; € W; with highest h-eigenvalues
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Ai(h), uj(h) under the g-action. Letting & ® t* act on the highest h-eigenvectors in
the evaluation action, we find that for the isomorphism of representations to hold,

we must have . .
> amyzf =" i,
i=1 j=1

since Lie algebras act via derivation and the action of ) uniquely determines irre-
ducible, finite-dimensional representations. Iterating over all k € N, introducing a
formal parameter x, and taking these sums as coefficients of a power series in x¥,

we find via geometric sum that

S Al <t s
— I—xz = 1—xzj

1=

as functions of x. This gives us the desired conditions. O

Together, thm. 2.3 and prop. 2.4 give a complete classification of irreducible,
finite-dimensional £(g)-modules in terms of g-modules. Furthermore, the classi-
fication of irreducible, finite-dimensional g-modules is known from the classical
representation theory. Thus, we have arrived at a full classification of irreducible,
finite-dimensional £(g)-modules. Nevertheless, it is interesting to consider further,
reducible representations of £(g).

Def. 2.5. Let Rep(2(g)) be the category of finite-dimensional £(g)-modules,
whose objects are finite-dimensional representations of £(g) and whose morphisms
are equivariant maps.

It is clear that Rep(£(g)) is an abelian tensor category. The following clarifies why
it might be interesting to study reducible £(g)-modules.

Prop. 2.6. The category Rep(£(g)) is not semisimple.

Proof. 1t is sufficient to find one V € Obj(Rep(£(g))) that is reducible but not
decomposable. To this end, consider the quotient Lie algebra with canonical
projection

pr: £(g) — g @ C[1]/(t?).

Let W be a non-trivial, finite-dimensional g-representation, whose existence is
guaranteed by the semisimplicity of g. Consider the representation for x,y € g

0:3®C[1]/(*) — End(W @ W); (x + yr)(wi,w2) = (xwi,ywy +xw2),

where g-action on W. This representation is clearly reducible, since 0@ W is a
proper g ® C[¢]/(t*)-submodule. To show indecomposability, we claim that any
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non-zero g ® C[¢]/(t%)-submodule W of W & W contains 0@& W. Let (wy,w») € Wy.
We may assume w; # 0, since otherwise there is nothing to show. Since W is an
irreducible g-representation, there is y € g such that yw; # 0. Then, (yt)(wi,w7) =
(0,ywy) € 0@ W is non-zero. But, then, the claim follows, since H(g)w; = W due
to irreducibility of W, whence, by the canonical inclusion

g — g®C[1]/(t),
we have
08 W =(0,W) = U(g)(0.w1) C U(@C[1]/(*))(0,w1) € Wo.

It follows that W @ W is indecomposable under the g ® C[¢]/(¢?)-action. Therefore,
W @ W is a reducible, indecomposable g ® C[¢]/(¢?)-module, which, in turn, lifts
to a reducible, indecomposable £(g)-representation V € Obj(Rep(£(g))). O

In particular, knowledge of the irreducible modules in Rep(£(g)) is not sufficient
to classify finite-dimensional £(g)-modules. We thus want to find a more general
classification of objects in Rep(£(g)). Though Rep(¥(g)) may not be semisimple,
there is the following partial remedy for its structure.

Prop. 2.7. The category Rep(¥£(g)) has a unique decomposition into a direct sum
of indecomposable, abelian subcategories

Proof. We say that two indecomposable objects V|, V, € Obj(Rep(£(g))) are linked
if Rep(¥(g)) admits no splitting into two abelian categories C; and C; such that
V1 € Obj(Cy) and V; € Obj(Cy). Let I be the index set of equivalence classes
of linked indecomposable objects in Rep(¥£(g)). For any i € I, let C; be the
subcategory of Rep(¥(g)) containing as objects direct sums of the objects in
equivalence class i. Since the decomposition of any abelian tensor category into
its indecomposables is unique, we have

Rep(2(2)) = D C:.
i€l
We claim that the C; are themselves indecomposable. For, if there existed a non-
trivial decomposition C; = C 11 ) Cl.z, then any indecomposable objects V; € Obj(Cl.l)
and V, € Obj(Cl.z) cannot be linked. However, this contradicts the definition of C;.
The claim follows. Uniqueness of the decomposition follows from its defini-
tion via equivalence classes of linked objects, whence any other, non-isomorphic
decomposition necessarily cannot be a decomposition into indecomposables. O

The subcategories C; constructed in prop. 2.7 are called blocks of Rep(£(g)).
Likewise, the decomposition is called block decomposition. In more generality,
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prop. 2.7 holds for any abelian category, as the proof only used that property.
We turn to a construction of further finite-dimensional £(g)-modules. Recall the
triangular decomposition £(g) = £(n;) @ £(h) ® L(n_) from cor. 1.19 with respect
to the triangular decomposition g =1, ®hen_.

Def. 2.8. An £(g)-module V(1) is called a highest weight module with highest
weight A € £(h)* if there exists v, € V() with U(L(g))v, = V such that

Q(TI+)V,1 =0 and Vhe Q(b) thvy = /l(h)v,l.
We call v, a highest weight vector.

To define a class of highest weight £(g)-modules that will be of interest to us, we
need the notion of a Drinfeld polynomial.

Def. 2.9. Let n =rank(g) and / = {1,...,n}. Define the monoid of Drinfeld
polynomials # as the monoid of n-tuples of C-polynomials 7 = (ry,...,7,,) € (C[u])"
with u an indeterminate such the constant term of each n; is 1. Denoting by P,
the positive weight lattice of g, we associate to eachi € I, 1 € P,, and a € C*, a
unique element 7, , € P, given by

T = ((1=awy™) = (1= an)' ™, (1 - au)' ™),

where h; € b are the Cartan generators of g. Finally, denoting the fundamental
weights of g by w;, we define a map

AN:P—Pyr— Ay = Zdeg(ﬂ[u](ni)wi'

iel

Lem. 2.10. Any m € P decomposes uniquely into a product

m
T= Hﬂﬂj,aj’
Jj=1

where Aj € P, and all aj € C* are pairwise distinct.

Proof. Since every polynomial over C factors uniquely into irreducibles, every ;
must factor into a unique combination of irreducibles with constant terms 1. We
may, then, factor & as a product of polynomials of the form

miq=((1 —au)’i) =(0,...,0,(1 - au),0,...,0)

with the only non-zero term being in the i coordinate. Collecting multiplicities
A(h;), we may, therefore, conclude the claim. O
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We call the decomposition in lem. 2.10 the standard decomposition of 7 € P.
In this standard decomposition, the scalars a; € C* are called the coordinates of
n. Using the Drinfeld polynomials, we define a class of finite-dimensional £(g)-
modules that take the role analogous to that of Verma modules in the classical,
finite-dimensional representation theory.

m

Def. 2.11. Let m € $ with standard decomposition 7 = =1

Furthermore, let J; <(L(g)) be the ideal generated by

T)j.a; @S 1IN lem. 2.10.

m

o= { L0 e (et = abaj(h)ney ez ).

j=1
Define the Weyl module W () as the £(g)-module defined by the quotient
W(m) = U(L(9))/ Jx.

Furthermore, define w, := pr(1), where pr : A(£(g)) — W(x) denotes the canonical
projection.

Prop. 2.12. For any n € P, the Weyl module W(r) is a finite-dimensional, highest
weight £(g)-module.

Proof. The proof is immediate. Taking the ideal J, from def. 2.11, the first and
third class of generators ensure that W(rr) is a highest weight £(g)-module, whereas
the second class of generators ensures finite-dimensionality. O

The Weyl modules carry a very desirable structure under the tensor product of
modules. This notion is formalised in the following results.

Thm. 2.13. Let n,7 € P be such that n; and 7ij are coprime for all 1 <i,j < n.
Then
W(rnr)=W(n)® W(x).

Proof. [Chari & Pressley 2001, thm. 2]. O
Cor. 2.14. Let m € P with standard decomposition m = H’}’zl Ty.a;- Then

W(r) = (Xf W(ra,a,)

J

as L(g)-modules.

The following implications clarify the analogy between Weyl modules and Verma
modules.
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Prop. 2.15. Let n,7 € P. There exists a unique irreducible quotient 2(g)-module
V(r) of W(n). Conversely, every finite-dimensional, irreducible £(g)-module may
be constructed as such a quotient with the property that for © + Tt the quotient
modules V(r),V(7t) are non-isomorphic.

Prop. 2.16. Suppose V € Obj(Rep(L(g))) is a highest weight module. Then there
exists w € P such that V is a quotient £(g)-module of W(r).

Proof of props. 2.15 and 2.16. [Chari & Pressley 2001, prop. 2.1]. |

Therefore, Weyl modules entirely classify highest weight £(g)-modules. Thereby,
they give an explicit construction of a class of important and geometrically intuitive
objects in Rep(¥(g)). Even more, prop. 2.15 states that the isomorphism classes
of highest weight £(g)-modules are in bijective correspondence with Drinfeld
polynomials . Therefore, we may parametrise highest weight £(g)-modules
V() by Drinfeld polynomials 7 € $. To complete the categorical classification of
L(g)-modules, we describe the block decomposition of Rep(¥(g)) from prop. 2.7.
To this end, we define the monoid of spectral characters of £(g).

Def. 2.17. Let P be the weight space and A the root space of g. For any a € C*,
denote by ¢, the characteristic function of a. Define the monoid = of spectral
characters of £(g) as the monoid of finitely supported functions X : C* — P/A.
Furthermore, for a positive weight A1 € P, and a € C*, define

X dLa = 6a/i’
where A is the canonical projection of A onto P/A.

Def. 2.18. Let 7 €  be a Drinfeld polynomial with standard decomposition
= ]_[;.”:1 7);.q;- Define the spectral character X € E of &

m
Xﬂ' = Z)(/lj,aj
Jj=1

with respect to the standard decomposition.

The map n — X, is a homomorphism from a multiplicative monoid # to an
additive monoid =. Therefore, the spectral characters from def. 2.18 are additive.
It holds that

Xy, =Xny + X,

for arbitrary Drinfeld polynomials 7y,7m, € P.

21



Def. 2.19. An element V € Obj(Rep(£(g))) is defined to have spectral character
X € E if for every irreducible component V(xr) of V it holds that X = X, for the
spectral character X, of the parametrising Drinfeld polynomial 7 € . Denote by
Cy the abelian subcategory of Rep(£(g)) that contains all objects with spectral
character X.

The content of def. 2.19 may be formalised more rigorously as follows. By
prop. 2.6, Rep(¥(g)) is not semisimple and, therefore, does not generally admit
a unique decomposition series. However, since Rep(£(g)) is an abelian tensor
category, every object V € Obj(Rep(¥(g))) admits a Jordan-Holder series of finite
length. The elements of this series are precisely the required irreducible com-
ponents. Since, by prop. 2.15, any such irreducible component is parametrised
by a Drinfeld polynomial, the remaining claims follow. We now work towards a
classification of the block decomposition of Rep(£(g)).

Lem. 2.20. Let X1,X2 € £, V(m;) € Obj(Cy,), and V(n2) € Obj(Cy,) for some
n1,m2 € P. Then V(m1)® V(m2) € Obj(Cx,1x,)-

Proof. By cor. 2.14, there exist A; € P, and pair-wise distinct a; € C* such that

V(m) = @V (r,.q)-
=1

J

Analogously
!
V() = QV(ny,.p,)
j=1

for u; € P, and b; € C* pair-wise distinct. Set S = {ay,...,am} N{b1,....b;}. We
prove the claim by induction on the cardinality of S. If S is empty, V(7;) ® V(1)
is irreducible and the claim follows from the additivity of the spectral character on
irreducibles. Therefore, suppose S is not empty. After reordering, we may assume
a; = b;. We take the Clebsch-Gordan decomposition

V(ﬂ-/ll,al)®v(7r,ul,al) = @ V(ﬂv,al)@mv’

veP,

where m, denote the multiplicities of the factors in the decomposition. By virtue
of the Clebsch-Gordan decomposition, A1 + 1 — v must be in the root space. How-
ever, by def. 2.17, the spectral character of any root must equate to zero. Therefore,
Xy,ay = Xa,a) + X uy,a for all v € P, in the Clebsch-Gordan decomposition. Fac-
toring this decomposition out of the tensor product, we find

m l
V(r) @ V() = (B V(ry,0)®™) @ (R V(ra,.0,) @ Q) V(. 0,))-
j=2

veP, j=2
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By the above, the first term satisfies the claim, whereas the induction hypothesis
ensures likewise for the second term. We conclude the claim by induction. O

The following results are central in the classification of the block decomposition.
Prop. 2.21. Let X € E. Any two irreducible objects in Cy are linked.

Proof. [Chari & Moura 2004, prop. 2.3]. O
Prop. 2.22. Any indecomposable object in Rep(L(g)) admits a spectral character.
Proof. [Chari & Moura 2004, prop. 2.4]. O

Combining the results of props. 2.21 and 2.22, we find the desired block decom-
position. Thereby, we give give the explicit form of the result in prop. 2.7.

Thm. 2.23. The category Rep(L(g)) admits the block decomposition
Rep(£(s)) = P Cr,

XeE
where each Cy is a block. In particular, the blocks of Rep(£(g)) are in bijective
correspondence with spectral characters Z of £(g).

Proof. By prop. 2.22, any indecomposable object of Rep(£(g)) is in Cy for some
X € E, ensuring the orthogonality of the decomposition into indecomposables. It
follows, then, from prop. 2.21 that the Cy indeed form blocks. O

The statement of thm. 2.23 completes the structure classification of Rep(£(g)). To
conclude, we classify the finite-dimensional representations of the current algebra
£(g) = &(g) ® CK in terms of those of the underlying loop algebra. This also gives
a classification of the finite-dimensional £(g)-modules, since £(g) = &(g) = Cd is
only a vector space extension of the current algebra by an exterior derivation d.
Clearly, any €(g)-module can be turned into a £(g)-module by setting the action
of the central element K to zero. Furthermore, considering the finite-dimensional
representations Rep(£(g)) of the loop algebra also gives a classification of the
finite-dimensional representations of the corresponding current algebra £(g).

Prop. 2.24. There is an equivalence of categories Rep(2(g)) = Rep(£(g)).

Proof. We want to show that the center of £(g) = £(g) ® CK acts trivially on any
finite-dimensional representation. Let o : ¢(g) — End(V) be a finite-dimensional
representation. Since o is a Lie algebra homomorphism, ker(p) < £(g) is an ideal.
By the first Lie algebra isomorphism theorem, £(g)/ker(p) is necessarily finite-
dimensional. A general element in ker(p) \ {0} is of the form

Z(xi®Pi)+ﬂ1K,

iel
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where I C N is an index set, x; € go,, P; € £ and y; € C. We prove the claim
by induction on the number of non-zero, non-central terms x; ® P;. If there are
no such terms, then by necessity K € ker(p). This proves the base case. For a
non-zero term x; ® P; with x; € g, there exists, by properties of standard the inner
pairing on a semisimple Lie algebra g, some y; € g_o; such that (y;,x;) # 0 but
(yj,xk) = 0 for all other pairings. There exists Q; € £ such that

p2 = Res;—o({y; ®dQj,x; ® P;)) # 0,

where d denotes the exterior derivation. Computing the Lie bracket, we find

[y; ®Qj,Z(Xi ®P;)+u K] = Z([yj,xi] ®Q;P;)+ K.

iel iel

If [y;,x;] = 0 we are done by the induction hypothesis. Otherwise, by the grading
on the root decomposition, [y;,x;] € b. Since the inner pairing is completely
non-degenerate on b, there exists & € b such that (h,[y;,x;]) # 0. Let R € £ such
that

us = Res;—o((h ® dR, [yj,xj] ® Qij)) #0.

Then

[h@R Y ([v;:x1®Q;P) + 1K1 = > ([ [y, 511 © RQ; P) + i3K.

iel iel

Since ) is an abelian subalgebra, [4,[y},x;]] = 0. Therefore, we conclude the claim
by the induction hypothesis. O
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3 Representation Theory of Twisted Loop Algebras
L(a,¥)

We characterise £(g,y )-representations. Recall that, by prop. 1.13, we may assume
Y to be a diagram automorphism of some order r € N. Since £(g,) < £(g) is
a Lie subalgebra by lem. 1.4, any £(g)-module canonically restricts to a £(g,¥)-
representation. Furthermore, in the grading of equations (1.1) and (1.2), gg is the
Y-invariant subalgebra of £(g,¥). By cor. 1.14, gq is simple. In particular, by the
canonical inclusion

30 = L(a.¥); x — x®1

any £(g,i)-module restricts to a go-representation. In complete analogy to the
untwisted representation theory, we consider the following category of represen-
tations.

Def. 3.1. Let Rep(£(g,y)) be the category of finite-dimensional £(g,i)-modules,
whose objects are finite-dimensional representations of £(g,%) and whose mor-
phisms are equivariant maps.

There is the following immediate implication from prop. 2.6.
Cor. 3.2. The category Rep(L(a,¥)) is not semisimple.
Similarly, the following is an analogue of prop. 2.7.

Cor. 3.3. Rep(L(g,¥)) has a unique decomposition into a direct sum of indecom-
posable, abelian subcategories, called block decomposition of Rep(£(g,¥)).

Highest weight £(g,y)-modules are defined in accordance with def. 2.8. The anal-
ogy to the untwisted representation theory can be driven even further by defining
the monoid of twisted Drinfeld polynomials and using these to construct the irre-
ducible Weyl modules of £(g,y). However, it turns out that among the simple Lie
algebras with non-trivial diagram automorphisms, those of type A, are subject
to a peculiar constraint arising from the structure of its sl,-subalgebras. This
peculiarity necessitates a careful treatment, which we formalise in the following.
Let n = rank(gg) and Iy = {1,...,n}. If g is not of type A,,, we define, for i € Iy,
elements h; ¢ € g¢ by

r—1
hie = |Stab(i)| ™" " /€y,
Jj=0

where G is the cyclic group with elements Y/ and hy € by are the Chevalley
generators of the Cartan subalgebra )y < g. In the peculiar case when g is of type
Az, we have a unique diagram automorphism of order 2. Then, we set

hn,O = z(hn + hn+1) and hn,l = hn - hn+la
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keeping the remaining cases in analogy to the general case.

Rem. 3.4. We formalise the constraint arising in the representation theory of
L(g,¥) when g is of type Aj,. Denoting by e, f, the usual Chevalley operators of
ao, define

Fo=V2(f+ fur)) and  fur = =V2(fu— fur).
Furthermore, we define

1
o1 = Z[fn,o,fn,l],

and, analogously

1
6;’1 = _Z[en,O’en,l]-
The operator f - must act nilpotently on any highest weight vector in a highest
weight £(g,)-module. However, the sl,-subalgebra spanned by this operator is
given by

a1 -

Therefore, by the usual representation theory of sl, it must hold that /l(%hn,o) ez
for the highest weight 4. Due to this scaling, it becomes necessary to consider Lie
algebras of type Ay, separately.

Instead of, as per the usual procedure, considering the positive weight lattice of
Ay, to classify highest weight representations, we define the following modified
weight lattice.

Def. 3.5. Denote by (Py), the positive weight lattice of gg. Define the subset
(Py)+ € (Po)+ as

(Py) = (Po)+ if g not of type Ay,
YT A € (Po)+ | Alhg) €22} if g of type Agy,

where h; € b are the Chevalley generators of the Cartan subalgebra by < go.

Def. 3.6. Associate to each i € Iy, A € (Py)+, and a € C* a unique n-tuple of
C-polynomials 7, , € (C[u])" with constant term 1, given by

_ T ieg (1= a'@i0)0i)Ahi) if g not of type Aay,
P Miey (1= @)P)(1=20m300if g of type Agy,

where h; € by are in the Cartan subalgebra by < go anc~1 a; are the simple roots of gg.
Define the monoid of twisted Drinfeld polynomials # as the monoid of n-tuples of
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C-polynomials generated by elements 7, ,. Denoting by w; the fundamental roots
of gp, we define a map

AP — (Py)s; e Liely degepu(Twi ) %f g not of type Ay,
Dielp(1+0in)degep, (Fw;  if g of type Agy.

Twisted Drinfeld polynomials also admit decompositions into the unique elements
71.q as given in def. 3.6.
Lem. 3.7. Any twisted Drinfeld polynomial # € P admits a decomposition

o1

]:1 €=

r—

1
ﬂ/lj,ageaj
0

for some m € N with pair-wise distinct Aj¢ € (Py)+ and coordinates a; € C* that
are pair-wise distinct and whose powers a; are pair-wise distinct.

Proof. Similarly to the untwisted case in lem. 2.10, the proof is immediate by
collecting multiplicities of

Ta=

N (1- a<“i’“i>)5if if g not of type Ay,
(1—a)% if g of type Ay,

noting that the additional degrees of freedom given by the £€ allow us to respect
the non-trivial eigenspace decomposition from equations (1.1) and (1.2) that arises
from the twisting. The powers a; of the coordinates are guaranteed to be pair-wise
distinct by the eigenspace grading. |

Note that the decomposition guaranteed by lem. 3.7 for 7 € ? need not necessarily
be unique. We call any such decomposition a standard decomposition of 7. We
now define the class of twisted Weyl modules.

Def. 3.8. Let 7 € £ with a standard decomposition 7 = (= Z;(l)

lem. 3.7. Define J;z S U(L(g,¥)) to be the ideal generated by

ﬁ:/lj,e,feaj as in

L), £ e @ = T a4y ) g % A,
L), ;7 @ rkoe -y (1- %5,~n)a;’<-fﬂj<h,~,o)>, 0= Az

Define the Weyl module W(7) as the £(g,1)-module defined by the quotient
W(7) = W(L(a.y))/ Jx.

Furthermore, define wz = pr(1), where pr : (£(g,)) — W(#) denotes the canon-
ical projection.
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In analogy to prop. 2.12, the proof that W(#) is finite-dimensional follows imme-
diately from the definition. For, the quotient ideal that generates the the module
ensures local nilpotency of all the generators of the resulting twisted Weyl module.
The following results are, then, the analogues to props. 2.15 and 2.16.

Prop. 3.9. Let 7,7’ € P. The twisted Weyl module W(7) has a unique irreducible
quotient L(g,)-module V(i) of W(#). Conversely, every finite-dimensional, irre-
ducible L(g,)-module may be constructed as such a quotient with the property
that, for @ # ', the (g, )-modules V(i) and V(&) are non-isomorphic.

Prop. 3.10. Suppose V € Obj(Rep(L(g,1))) is a highest weight module. Then
there exists & € P such that V is a quotient (g, )-module of W(7).

Proof of props. 3.9 and 3.10. [Chari, Fourier & Senesi 2008, 3.7]. |

Akin to the untwisted case in cor. 2.14, twisted Weyl modules admit a product
decomposition with respect to any standard decomposition of their corresponding
Drinfeld polynomial.

Prop. 3.11. Let # € P with a standard decomposition 7t = T=1 ]_[2;(1) R e b€aj-
Then

m r—1
W(7) = ®W(]_[ Ry obca;)-
Jj=1 e=0

Proof. [Chari, Fourier & Senesi 2008, thm. 2]. m]

There is a close relationship between the untwisted £(g)-modules and twisted
L(g,¥)-modules, which arises from the structure between untwisted and twisted
Drinfeld polynomials. Denote by w; the fundamental weights of g and by [
their index set. Take some A = },c;m;w; € P, for multiplicities m; € N. For
each different order r of diagram automorphism and type of g, we define specific
elements A(e) € (Py ), for € € {0,...,r — 1} as follows. Suppose first that r = 2 and
that g is not of type Aj,. In this case, we define

A0) = Zmia),-, and A(1)= Z My (i) W;
i€l i€l
w(i)#i
For r =2 and g of type Aj,, we define
A0) = > (1+8mmiw;, and A1) = > (1+6yammy ;.

iely iely
Y(i)#i
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Lastly, for the case of r = 3, we set
A0) = mw +mrwr, A1) =mawy, and  A(2) = myw;.

These weights A(¢€) are central to describing the connection between untwisted and
twisted Drinfeld polynomials.

Def. 3.12. Let m €  be an untwisted Drinfeld polynomial with unique standard
decomposition 7 = ;{1:1 a,.a; @s guaranteed by lem. 2.10. Define the restriction

map
—

res:?’—>¢’;7rl—>lﬂ|

1
TAj(e).é€a;-
Jj=1€=0

Furthermore, for a twisted Drinfeld polynomial 7 € P, define the set of induced
Drinfeld polynomials

ind: P — P(P); 7 — {m € P|res(n) = 7},
where IP(P) denotes the power set of P.

The set of induced Drinfeld polynomials turns out to be the central ingredient
in describing the connection between untwisted and twisted Weyl modules. The
main result pertaining to this connection is the following.

Thm. 3.13. Let # € P. For n € ind(7), it holds that

W) = W(rn .
(%) ()ﬁ(g’w)

Proof. [Chari, Fourier & Senesi 2008, thm. 2]. |

Cor. 3.14. Let 7 € P and n € ind(7). For the irreducible quotients V(7) of W(7)
and V(r) of W(nr) it holds that

V(7) = V(n) o)
Taken together, props. 3.9 and 3.10 and cor. 3.14 classify the irreducible £(g,y)-
modules. Furthermore, we have constructed a large general class of finite-
dimensional £(g,y)-modules in the Weyl modules. Due to cors. 3.2 and 3.3,
it remains to find the block decomposition of Rep(¥(g,¥)) to complete the classi-
fication of finite-dimensional £(g,i)-modules. In complete analogy to thm. 2.23,
we define a class of twisted spectral characters to classify indecomposable blocks
of Rep(2(g,%)). To this end, we make use of the close relation between twisted
and untwisted Drinfeld polynomials.
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Def. 3.15. Let X, X, € E. Define an equivalence relation ~ on E by requiring that
X1 ~Xy & Am,m e P : X1 = Xp,, X2 = Xp, and res(m1) = res(ma).

Def. 3.16. Define the monoid of twisted spectral characters = of £(a,i) to be the
partition of the spectral characters = of £(g) into equivalence classes under the

equivalence relation of def. 3.15. More concisely, = = Z/~. For # € P, define the
twisted spectral character Xz of & as Xz = X for 7 € ind(7).

Def. 3.17. An element V € Obj(Rep(£(g,¥))) is defined to have twisted spectral
character X € = if for every irreducible component V(7) of V it holds that X = X ; for
the twisted spectral character X'z of the parametrising twisted Drinfeld polynomial
7 € P. Denote by Cy the abelian subcategory of Rep(£(a,)) that contains all
objects with twisted spectral character X.

Similarly to def. 2.19, the content of def. 3.17 may be formalised by considering the
irreducibles in the Jordan-Holder series of any finite-dimensional £(g,y)-module.
Turning, then, to the classification of indecomposable blocks, the following results
are analogues to props. 2.21 and 2.22.

Prop. 3.18. Let X € E. Any two irreducible objects in Cy are linked.
Proof. [Senesi 2010, prop. 3.14]. O

Prop. 3.19. Any indecomposable object in Rep(L(a,¥)) admits a twisted spectral
character.

Proof. [Senesi 2010, prop. 3.15]. O

Finally, we give the block decomposition of Rep((g,¥)), thus completing our
categorical classification of finite-dimensional £(g,y)-modules.

Thm. 3.20. The category Rep(L(g,¥)) admits the block decomposition

Rep(L(a.9)) = D Cr,

XeE

where each Cy is a block. In particular, the blocks of Rep(L(g,¥)) are in bijective
correspondence with twisted spectral characters Z of (g,¥).

Proof. By prop. 3.19, any indecomposable object of Rep(£(g,%)) is in Cy for some
X € Z, ensuring the orthogonality of the decomposition into indecomposables. It
follows, then, from prop. 3.18 that the Cy indeed form blocks. m|
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4 Representation Theory of General Linear Loop
Algebras 2(gl,)

We now slightly generalise the contstruction of loop algebras £(g) from section 1.
Let n € N. Denote by
gl, = g1,(C) = End(C")

the Lie algebra of (n X n)-indexed matrices Mat(n,C) with Lie bracket given by the
commutator, and define its loop algebra

L(gl,) =gl,®c ¥

in analogy with def. 1.3. While gl,, is a reductive Lie algebra, it is not semisimple.
As such, our results regarding central extensions and the representation theory of
loop algebras £(g) from sections 1 and 2 do not simply go through unchanged.
However, we will be able to take this construction quite far by other means. Define

8l = glo(C) = End(C®)

as the space of (Z x Z)-indexed matrices Mat(Ny,C) of countable dimension. This
space is much too large to admit a Lie algebra structure as it does not allow for a
generally convergent product. We thus restrict to a much smaller Lie algebra.

Def. 4.1. Define the Lie algebra of finitary matrices as the direct limit Lie algebra
§le = limgl, = {A € gl | all but finitely many A;; —6;; are zero},
where the Lie bracket is given by the commutator.

Note that convergence of the Lie bracket in gl,, is always guaranteed due to
finititude of off-diagonal entries. While this Lie algebra is interesting in its own
right, it turns out to be much too small for most applications. A motivation for
this is, in part, given by the contrast between thms. 4.17 and 4.18. Therefore, we
further define a larger Lie algebra.

Def. 4.2. Define the Lie algebra of generalised Jacobian matrices
lo ={A€glu|3INEeN: |i—j[| >N = A;j =0},
where the Lie bracket is given by the commutator.

Note that gl,, < d is a proper subalgebra. The generalised Jacobian matrices
(e C gl may be thought of as the Lie algebra of countably indexed matrices
that have only finitely many non-zero diagonals. By this analogy, convergence of
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the Lie bracket in a., is clearly guaranteed. Denote by E;; € a., the generalised
Jacobian matrix given by unit entry in the (i, /)" position and zeros everywhere
else. Define further the shift operators Ay € a,, for k € Z

A= ZEi,i+k,
i€Z.

containing units on the k™ diagonal and zeros everywhere else. The space spanned
by the class of shift operators A := @z CAy < o forms an abelian subalgebra.

Lem. 4.3. A basis for £(gl,,) is given by eEJI.() =e;j® tX, where e;j € gl is the matrix
with unit entry in the ij-th position and zero entries everywhere else, for 1 <i,j <n

and k €”Z.

Proof. Recall that {(e;;) jjez2 } is a basis for gl,, and that {(t*)kez} is a basis for €.
A basis for a tensored space is given by the tensor combinations of the component
space bases. O

We now construct £(gl,,) as a subalgebra of a.,.

Lem. 4.4. The map 7: £(gl,) — 0, defined on the basis elements of L(gl,,) by
T(el(]k)) = Z Ens+i,n(s+k)+j
seZ

and then linearly extending, is a Lie algebra inclusion.

Proof. We want to show that 7 is an injective homomorphism of Lie algebras.
Since the Lie brackets in gl,, and a., are commutators, it suffices to show that 7 is

an injective homomorphism of C-algebras. To this end, suppose T(eg.‘)) = T(eg,kj/,)).
By definition, this is equivalent to

Z Ens+i,n(s+k)+j = Z Ens+i’,n(s+k')+j'a

seZ seZ
whence we conclude that ¢*) = ¢*) O

ij ij

One may think of the embedding 7 from lem. 4.4 as a transformation of a(t) € £(gl,,)
into a matrix of generalised Toeplitz form in a., pictorially given as

a a
— i . .
a(t)—zai®t = 1. a1 ay a s
i€l .
a1
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where a; € gl,, and [ is a finite index set, ensuring the existence of only finitely
many non-zero diagonals. Since each diagonal is occupied by identical elements
a; € gl,,, T(a(t)) is an n-periodic element of 0.

By lem. 4.4, £(gl,,) < 0 is a proper subalgebra. As such, any representation of
o canonically restricts to a representation of £(gl,,). Thus, we turn to the study of
ae-modules. The most interesting of these occur in an infinite-dimensional vector
space called semi-infinite wedge space.

Def. 4.5. Let V = @,z Cy; be an infinite-dimensional, complex vector space with
a fixed basis given by the collection of v;. Define the semi-infinite wedge space

NFv=@AT".
meZ.

where
/\7’mV =spanc{y =vi, AV AV A |im>in-1>...and iy = k for k < 0}

is the linear span of certain semi-infinite monomials. We define a positive, Her-
mitian form (-,-) on A2 V by declaring the class of semi-infinite monomials to be
an orthonormal basis with respect to (:,-). Furthermore, on each subspace of this
grading, we may define the m™ vacuum vector

o (o)
a5 ,Mm
U = /\ Vek =V AVip—1 AVm—a A ... € /\2 V.
k=—m
Define further the perfect vacuum vector
(o) . O
Yo = /\ Vg =VogAV_1AV_2A... E /\2’ \%
k=0
as the zeroth vacuum vector.

We define the degree of any ¢ € AZ™V as
deg(y) = ) (im-j +j—m).
Jj=0

Since for k <« 0 : iy = k, any such degree is a finite positive number. This naturally
leads, for any m € Z, to a grading

/\j,mv — g/\(jk,)mv
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of subspaces of fixed degrees k. The degree zero subspace herein is
>.m
/\(20) V =Cym,
precisely the one spanned by the vacuum vector

Prop. 4.6. Let m € Z and k > 0. Then

dime(\G)" V) = p(k),
where, for k € N, p(k) denotes the number of partitions of k.
Proof. The degree of any ¢ € ATV s clearly a finite, nonnegative integer due

to the condition that i; = j for j < 0 and the requirement that the i; be strictly

monotonically decreasing in j from def. 4.5. Let, therefore, k € IN. Any partition

(ko,k1,....,kn—1) of k in non-increasing order defines a unique ¢ € /\i,)m by setting

(o)
Y= /\ Vii—is
i=0

where it is understood that k; = 0 for j > n. Since this assignment between
partitions of k and semi-infinite wedge vectors ¢ of degree k is bijective, we
conclude the claim. O

Cor. 4.7. Let m € Z.. Then, as a formal sum, it holds that

dim,(\7"'V) = Y (dime(A\G) Vgt = [ (1~ = e(e) ™,

kelN kelN
where ¢ is Euler’s function. We call this the q-dimension of ATV,

Proof. This follows directly from prop. 4.6 and a famous identity due to Euler,
whence

S dime( AL Vgt = Y pgh = ————

kelN keN HkG]N(l _qk).
O

Rem. 4.8. For each m € Z, the semi-infinite wedge space ATV is, in principle,
nothing more than the fermionic Fock space F") with a vacuum state at charge
number m. We may, therefore, think of the collection AZ V of these semi-infinite
wedge spaces as a total fermionic Fock space, incorporating in it all possible charge
numbers.
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We now define the infinite wedge representation of gl,, in the semi-infinite wedge
space. Subsequently, we enlarge this to a projective representation of a.. Define
the §lo,-module structure on A2 V by requiring that, as a Lie algebra, gl,, act by
derivation

(o)

0:dle — End(/\?V);a — ZidA(j'l) AaAid",

Jj=1

where a € gl acts on v € V by left multiplication. Explicitly, on the basis elements
E;; € gl this representation takes the form

Vi N e AV AVIAV s ifj =i,

. 4.1)
0, ifVk: j # i

O(Eij)(vi, AVipn.) = {

By this representation, we may rewrite any element i € ATV as

Y = o(Ei,.m)---O(Ei_j.m—1)¥m (4.2)

for a finite number of generators Ei ;€ gle,. From this structure, we find the
following claim.

Prop. 4.9. The §l,-representation ¢ in A2 V is a direct sum

0= @ Om " 8lee — End(@ /\%’m V)

meZ meZ
of irreducible, unitary gl -representations o, in \2>" V.

Proof. The direct sum decomposition follows directly from the orthogonality of
the decomposition in def. 4.5 by noting that the gl,-action through o maps each
A2V into itself, which is most clearly seen in the explicit form of equation (4.1)
on the generators. Unitarity follows from

(Q(Eip i) = (1. 0(Ej ).

for Y1,¥n € ATM V, after linear extension. It remains to show irreducibility. Let
A"V =V, @V, be the direct sum decomposition of two ©o,,-subrepresentations.
Either of the subrepresentations then naturally inherits the N-grading of A2>"V,
namely

V= DALV V.
k>0

The vacuum vector ¢, spans the space of degree zero. Therefore, it belongs to
exactly one summand, whence, by equation (4.2), all of AZ>”"V must be within
that summand. We conclude that the other summand must be 0 and that AZ>"V is
irreducible. O

35



On the N-gradings V; = @0 /\ "V, the §l-action of o takes, by equation (4.2),
the form
) m

Q(EIJ)/\(k) vVc /\(k+l -j)

We may use this to naturally induce a Z-grading on gl,.

Def. 4.10. Define the degree of the generators E;; € gl to be deg(E;;) =i— .
Using these, define the principal gradation of gl,, as the decomposition

]EZ

into spaces @Ig) of homogeneous degree j.

The principal gradation of gl is clearly well-defined, since the degrees are, by
construction, additive. Furthermore, the construction turns A2°" V into a Z-graded
gl-module, since for any j,m € Z and any k € IN, it holds that

—(j 3,m S.m
oGV < Ny
Rem. 4.11. Using the principal gradation from def. 4.10 and equation (4.2), we

may rewrite the k™ summand in the orthogonal decomposition of the semi-infinite
wedge space as

AV > on@).on@E

kePart(k)

where k = (ko, ..., k,—1) denotes an integer partition of k. This gives arepresentation-
theoretic interpretation of the fermionic Fock space with charge number m. In par-
ticular, it sheds representation-theoretic light on the Dirac positron model, wherein
deviations from the vacuum vector ¥, with index greater than m denote electrons
and deviations from indices smaller than m denote holes. These holes are, then,
interpreted as positrons. This explicit form gives a representation-theoretic con-
truction for any arrangement of electrons and positrons from a vacuum state. In
this interpretation, the degree of a semi-infinite vector corresponds to the energy
of the system.

By the principal gradation of gl,, from def. 4.10, we may define a triangular
decomposition.

Def. 4.12. Consider the principal gradation of §l,, from def. 4.10. Define the
triangular decomposition of gl,, as

gIDO :n+®b®n—9
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where _ _
ny = ED@I&{,), ny = @@Ig),
Jj<0 Jj>0

and where ) = QI(DQ) is called the Cartan subalgebra of gl.

As is usual with Lie algebras that admit a triangular decomposition, a natural class
of modules to consider is the class of highest weight modules.

Def. 4.13. Let A = {1; € C|i € Z} be a collection of numbers. An irreducible
highest weight representation m, of gl is an irreducible representation

71t Gl — End(L(2))

on a vector space L(A) that admits a vector v, € L(A), called highest weight vector,
with 7, (U(gle))va = L(A) such that

71'/1(114_)\/,1 =0 and VieZ: ﬂ/l(Eii)V/l = Av,.
We call A the corresponding highest weight.

Alternatively, we may, instead of the collection A, define a linear functional A €
h* by requiring it precisely to yield A(E;;) = A4;. The restatement then follows
the definition of classical highest weight modules. The following clarfies the
uniqueness of highest weight representations for any given highest weight.

Prop. 4.14. For any A = {A; € C|i € Z.}, there exists a unique highest weight
dloo-module L(A).

Proof. The proof goes through in the typical fashion for highest weight repre-
sentations. Namely, we construct the representation explicitly through a Verma
module, whereby we show its uniqueness. To this end, let C, be the 1-dimensional
U(h @1, )-module spanned by a vector v, on which j acts by the linear functional
A € h* defined by the collection A, and the n -action is trivial. Define, then, the
Verma module M (1) to the highest weight A

M) = U(§l) R (pen,) Ca.

By the structure of the universal enveloping algebra, (gl,,) = U(n_) @ U(h & 1),
whence M(A) is a free U(n_)-module with a single generator v,. Since U (1n_) is by
definition IN-graded, any weight vector in M(A) is of the form uv, with weight 1+«
for u € U(n_),. As such, the N-grading on U(n_) induces an IN-grading on M ().
Then, by the same argument as in the proof of prop. 4.9, M(A) is indecomposable.
Furthermore, M(A) admits a unique, maximal, graded submodule /(1). Indeed,
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taking /(1) to be the sum of all submodules suffices, since any such submodule
must also be graded and cannot contain v,. Taking the quotient

L(2) = M(A)/1(A)

defines the unique highest weight gl,,-module of highest weight A with highest
weight vector v,. O

Prop. 4.15. For each m € Z, the irreducible §l,-representation o, in the decom-
position of the infinite wedge representation o from prop. 4.9 is a highest weight
representation with highest weight w,, ={¥i <m:A; =1, and Vi > m : 4; = 0}.

Proof. From equation (4.2), we find that, taking ¢, as the highest weight vector of
ATV we may generate all of AT MY by the gl -action via g,,. By equation (4.1),
we find that g,,(n:)(¥,n) = 0, since n, contains only elements E;; with i < j,
leading, by necessity, to double occurences of factors in ©,,(E;;)(¥), and thus,
by alternativity of the wedge product, equating to zero. It remains to show that
om(Eii)Wm = Aithy, for A; € C. However, defining the A; via the collection w,, as
above, the claim clearly follows. O

We call the irreducible unitary gl.,-representations o,, the fundamental represen-
tations of gl,, with fundamental weights w,,. It follows by construction from
prop. 4.9 that the infinite wedge representation o is a direct sum of fundamental
representations. Using the unitarity of the fundamental representations, we may
directly deduce unitarity for a large class of highest weight gl.,-representations.

Prop. 4.16. A highest weight g§l,-representation with highest weight Y.z kiw;,
where k; € N are nonnegative, is unitary.

Proof. The highest weight representation of highest weight ;. k;w; may be
explicitly constructed as the tensor product of fundamental gl,,-modules

@)%,

i€z

since highest weights are additive under products of highest weight representations.
By prop. 4.14, this is, up to isomorphism, the unique highest weight representation
of highest weight ;. kiw;. Since the tensor product of two unitary representations
is, again, unitary, and since, by prop. 4.9, each o; is unitary, we conclude the
claim. O

We could try to extend the gl.,-representation to a representation of a., by the
induced module. However, this approach quickly runs into issues with conver-
gence, and is, therefore, an invalid extension. To illustrate, we take an element
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a = Yz AiEii € s across the principal diagonal for arbitrary scalars 4; € C.
Denoting, by abuse of notation, the extended representation by o, we find

Q(a)‘pm = i A—it¥ms

i=—m

which, as a countably infinite complex series, is, in general, not convergent. This
problem may be remedied by considering the central extension of a., giving an
additional degree of freedom to rectify the convergence issue. However, we first
formalise the notion of smallness for gl,, in thm. 4.17.

Thm. 4.17. The second algebraic cohomology of the finitary matrices §le,

Hglg(g_;loo;C), is trivial
2
Halg

Proof. [Verdier 1982]. m|

(8le;C) = 0.

We now turn to the central extensions of 0.

Thm. 4.18. The second algebraic cohomology of the generalised Jacobian ma-
trices, Hzlg(&oo;C), is I-dimensional. It is spanned by the 2-cocycle {, which, for
a,b € 0., takes the form

ab) = stre((,alb)

where J € ay is the generalised symplectic matrix, given by

J= Z e(j)E;j,
JEZ
where
) -1, ifj >0,
€(j) = L
+1, if j <O.
Proof. [Verdier 1982, 2.7]. m|

By the general classification theorem of central extensions by second cohomolo-
gies, we conclude the following result.

Cor. 4.19. There exists, up to isomorphism, a unique, I-dimensional central
extension
Uoo = 0o DCK, (4.3)

where K is a central element. The Lie bracket on a, is induced by the one on
and the 2-cocycle { from thm. 4.18.
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Lem. 4.20. The 2-cocycle { in the central extension as = 0 ® CK is given on the
basis elements E;j € A by

((Eij,Ey) =1, ifi<0,j>1,

{(Eij,Eny) =0, otherwise.

Proof. Note that, in more explicit form, the 2-cocycle { spanning Hjlg(am; C) from
thm. 4.18 may, for a,b € a, be written as

1
dab)=5 ), () -eabj.
(i,j)ez?
Inserting combinations of generators E;;, E,,,, the claims follow. |

These results now allow us to extend the gl.,-representation o to a linear repre-
sentation ¢ of a.. Indeed, defining the action of ¢ by the unitary irreducibles to
be

Om(Eij) = om(Eij), ifi#jori=j>0,
Om(Eii) = om(E;j) —id, ifi <0,
ém(K) =id.

Due to the commutation relations in a, this was previously not possible. However,
the commutation relations of a,, induced by those on a., and the 2-cocycle £, pre-
cisely give the above structure. As ¢ is a linear representation of a, its restriction
to a defines, therefore, a projective representation of a. Furthermore, naturally
extending the Hermitian structure of §l,, to as via w(c) = ¢, O, is again unitary.
By the same construction, any unitary, irreducible, highest weight gl.,-module
extends to a unitary a.,-module, and, therefore, to a projective representation of
0. By the inclusion from lem. 4.4, this gives a large class of unitary, irreducible,
highest weight £(gl,,)-modules.

On the centrally extended subalgebra A @ CK spanned by the shift operators Ay
and the central element K, the extended representation takes a particularly simple
form. The following is an implication of lem. 4.20.

Cor. 4.21. On the subalgebra A < 0, spanned by the shift operators Ay € 0w, the
2-cocycle { from the central extension 0 = 0 ® CK takes the form

{(An’ Am) = nén,—m-
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Therefore, since A < @ is abelian, the commutation relations under g, take the
following simple form

[@m(An)» ém(Ak)] = ém([An +Ar])+ {(An»Ak)ém(K)
= I’Z(Sn,_k.

Rem. 4.22. These commutation relations show that A defines a representation
of the Heisenberg algebra. In fact, precisely this structure is used to deduce the
Boson-Fermion correspondence —a phenomenon that occurs in (1 + 1)-dimensional
conformal field theories and defines a correspondence between representations on
the bosonic Fock space and on the fermionic Fock space. In particular, it may be
used to deduce highly non-trivial functional identities.
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